Distortion of Hausdorff measures and improved Painleve 
removability for quasiregular mappings 

K. Astala A. Clop J. Mateu J. Orobitg I. Uriarte-Tuero * 

February 2, 2008 

Abstract 

The classical Painleve theorem tells that sets of zero length are removable for bounded 
analytic functions, while (some) sets of positive length are not. For general iiT-quasiregular 
mappings in planar domains the corresponding critical dimension is -^qrf- We show that 
when if > 1, unexpectedly one has improved removability. More precisely, we prove 
that sets E of (T-finitc Hausdorff -^jq^j- -measure are removable for bounded if-quasiregular 
mappings. On the other hand, dim(_E) = "WTi enough to guarantee this property. 

We also study absolute continuity properties of pull-backs of Hausdorff measures under 
if-quasiconformal mappings, in particular at the relevant dimensions 1 and -j^jp^- For 
general Hausdorff measures < i < 2 , we reduce the absolute continuity properties 
to an open question on conformal mappings, see Conjecture 12.31 

1 Introduction 



A homeomorphism (p : ^ ^ Vt' between planar domains 17, fi' C C is called K -quasiconformal 



if it belongs to the Sobolev space wl^'^{Q.) and satisfies the distortion inequality 



max < K Tmi].\da4>\ ^-s- in $7 (1-1) 

a a 

It has been known since the work of Ahlfors |3 that quasiconformal mappings preserve sets 

of zero Lebesgue measure. It is also well known that they preserve sets of zero Hausdorff 
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dimension, since iC-quasiconformal mappings are Holder continuous with exponent see 
|2Uj . However, these maps do not preserve Hausdorff dimension in general, and it was in the 
work of the first author [11 where the precise bounds for the distortion of dimension were given. 
For any compact set E with dimension t and for any X-quasiconformal mapping (j) we have 

1 /I 1\ 1 1 /I 1\ 

K\i~2)- dim(0(i?)) ~2-^\i~2) ^^-^^ 

Furthermore, these bounds are optimal, that is, equality may occur in either estimate. 

The fundamental question we study in this work is whether the estimates (jl.2j) can be im- 
proved to the level of Hausdorff measures Ti} . In other words, licp'is a, planar ii'-quasiconformal 
mapping, < t < 2 and t' = 2^fK-i)t ' whether it is true that 

n\E)=0 n*' {(j){E)) = 0, (1.3) 

or put briefly, (l)*Ti.'' <^ 7i^. Note that the above classical results of Ahlfors and Mori assert 
that this is true when t = or t = 2. In fact 4 , for the Lebesgue measure one has even precise 
quantitative bounds 

\cP{E)\<C\E\i<, 

a result which also leads to the sharp Sobolev regularity, (p £ ^joc (*^) ^'^^ every p < 



loc y^^-i "'"^'■■y ^ ^ K^- 
As a first main result of this paper we prove H1.3|) for t = -j^jp^, i.e. for the case of image 

dimension t' = \. 

Theorem 1.1. Let (j) be a planar K-quasiconformal mapping, and let E be a compact set. 
Then, 

K+l 

M\(l)iE)) < C (^MT^iE)^ (1.4) 

As a consequence, 

n^{E) = o n^{(i){E)) = o 

Here 7W* denotes t-dimensional Hausdorff content. As one of the key points in proving 
Theorem 11.11 we show that for planar quasiconformal mappings h which are conformal in the 
complement C\£' the inequality H1.4|) improves strongly: such mappings h essentially preserve 
the 1-dimensional Hausdorff content of the compact set E, 

M\h{E)) < Ck M\E) (1.5) 

The constant Ck depends only on X if /i is normalized at oo, requiring h{z) = z + 0{l/z). 
For the area the corresponding estimate was shown in 'T. In fact, as we will see later, a 
counterpart of (|1.5j) for the f-dimensional Hausdorff content A^* is the only missing detail for 



2 



proving the absolute continuity (f)*7i^' <^ for general t. Towards solving we conjecture 
that actually 

M\h{E)) <CM\E), 0<t<2 

whenever E C C compact and h is normalized and conformal in C \ -B admitting a K- 
quasiconformal extension to C. For a more detailed discussion and other formulations see 
Section 2. 

The reason our methods work only in the special case of dimension t = 1 is that the content 
is equivalent to a suitable i?MO-capacity l29|. For dimensions 1 < t < 2, we do have 
interpolating estimates but unfortunately we have to settle for the Riesz capacities. We have 

CaAKE)) < c CaAE) 

for any t S (1, 2) and a = | — 1. This fact has consequences towards the absolute continuity of 
Hausdorff measures under quasiconformal mappings, but these bounds are not strong enough 
for (US} when 1 < t' < 2. 

Recall that / is a K-quasiregular mapping in a domain 17 C C if / G W^^^in) and / sat- 
isfies the distortion inequality When K = 1, this class agrees with the class of analytic 
functions on fi. The classical Painleve problem consists of giving metric and geometric charac- 
terizations of those sets E that are removable for bounded analytic functions. Here Painleve's 
theorem tells us that sets of zero length are removable, while Ahlfors [2] showed that no set 
of Hausdorff dimension > 1 has this property. For the related SMO-problem Kaufman |15j 
proved that the condition Ti.^(E) = is a precise characterization for removable singularities 
of BMO analytic functions. Thus for analytic removability, dimension 1 is the critical point 
both for L°° and BMO. However, the solution to the original Painleve problem lies much 
deeper and was only recently achieved by Tolsa (|1Z|)|2H1) in terms of curvatures of measures. 
Under the assumption that Tl^{E) is finite, Painleve's problem was earlier solved by G. David 
who showed that a set E of positive and finite length is removable for bounded analytic 
functions if and only if it is purely unrectifiable. Furthermore, the countable semiadditivity 
of analytic capacity, due to Tolsa [2ZI) asserts that this result remains true if we only assume 
n'^iE) to be cr-finite. 

It is now natural to approach the Painleve problem for i^-quasiregular mappings. We say that 
a compact set E is removable for bounded K-quasiregular mappings, or simply K-removable, 
if for every open set 0, D E, every bounded i^-quasiregular mapping f : i}\E ^ C admits a 
ET-quasiregular extension to O. In this definition, as in the analytic setting, we may replace 
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L°°(r2) by BMO{0,) to get a close variant of the problem. 



The sharpness of the bounds in equation (|1.2|) determines the index j^fi as the critical dimen- 
sion in both the L°° and BMO quasiregular removability problems. In fact, Iwaniec and Martin 
previously conjectured [Mj that in M", n > 2, sets with Hausdorff measure Ti.'^+^{E) = are 
removable for bounded X-quasiregular mappings. A preliminary positive answer for n = 2 was 
described in 0. Generalizing this, in the present work we show that surprisingly, for K > 1 
one can do even better: we have the following improved Painleve removability. 

Theorem 1.2. Let K > 1 and suppose E is any compact set with 

H^{E) a -finite. 
Then E is removable for all hounded K- quasiregular mappings. 

The theorem fails for K = 1, since for instance the line segment E = [0, 1] is not removable. 

For the converse direction, the work |4j finds for every t > -j^fi non-iT-removable sets with 
dim(ii^) = t. We make an improvement also here and construct compact sets with dimension 
precisely equal to yet not removable for some bounded iiT-quasiregular mappings. For 
details see Theorem 15. II 

The above theorems are closely connected via the classical Stoilow factorization, which tells 
(Tj, that in planar domains i^-quasiregular mappings are precisely the maps / representable 
in the form f = ho (p, where h is analytic and (p is if-quasiconformal. Indeed, the first step in 
proving Theorem 11.21 will be to show that for a general i^-quasiconformal mapping (p one has 

n^{E) a-&mte n^{(j){E)) cj-finite 

However, this conclusion will not be enough since there are rectifiable sets of finite length, such 
as E = [0, 1], that are non-removable for bounded analytic functions. Therefore, in addition, 
we need to establish that such 'good' sets of positive analytic capacity actually behave better 
also under quasiconformal mappings. That is, we show that up to a set of zero length, 

2 

F 1-rectifiable ^ dim((/)(F)) > ^ ^ ^ 
For details and a precise formulation see Corollarv 13.21 

The paper is structured as follows. In Section 2 we deal with the quasiconformal distortion 
of Hausdorff measures and of other set functions. In Section 3 we study the quasiconformal 
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distortion of 1-rectifiable sets. Section 4 gives the proof for the improved Painleve removabil- 
ity theorem for ii'-quasiregular mappings and other related questions. Finally in section 5 we 
describe a construction of non-removable sets. 

2 Absolute Continuity 

There are several natural ways to normalize the quasiconformal mappings (p : C ^ C In 
this work we mostly use the principal i^-quasiconformal mappings, i.e. mappings that are 
conformal outside a compact set and are normalized hy (j){z) — z = O (^-^^ as \z\ — >oo. 

It is shown in the work ^4, of the first author that for all X-quasiconformal mappings 

10(^)1 < C 1^1^/^ (2.1) 
where C is a constant that depends on the normalizations. By scaling we may always arrange 

diam((/)(S)) = diam(^) < 1 (2.2) 

and then C = C{K) depends only on K. In order to achieve the result (|2.1|) . one first 
reduces to the case where the set is a finite union of disks. Secondly, applying Stoilow 
factorization methods the mapping is written as (j) = ^ ° where both h,(j)i : C — > C 
are X-quasiconformal mappings, such that is conformal on E and h is conformal in the 
complement of the set F = (pi (E) . Here one obtains the right conclusion for (pi , 

\ME)\ <C\E\T< 

by including (pi in a holomorphic family of quasiconformal mappings. Further, one shows in 
1^ p. 50] that under the special assumption where h is conformal outside of F, we have 

\h{F)\<C\F\ (2.3) 

where the constant C still depends only on K. 

In searching for absolute continuity properties of other Hausdorff measures under quasi- 
conformal mappings, such a decomposition seems unavoidable, and this leads one to look for 
counterparts of ()2.3|) for Hausdorff measures or Hausdorff contents A^*. Here we establish 
the result for the dimension t = 1. 

Lemma 2.1. Suppose E C C is a compact set, and let (p : C ^ C be a principal K- 
quasiconformal mapping, such that (p is conformal on C\E. Then, 

M\(p{E)) c^M\E) 

with constants depending only on K . 
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In order to prove this result some background is needed. The space of functions of bounded 
mean oscillation, BMO, is invariant under quasiconformal changes of variables [25 • More 
precisely, if (/> is a /C-quasiconformal mapping and / € BAIO{C), then / o g BM0{C) with 
i?MO-norm 

\\foct>\U<C{K)\\f\U 
The space BMO{C) gives rise to a capacity, 

7o(F) =sup|/'(oo)| 

where the supremum runs over all functions / G BM 0(C) with ||/||* < 1, that are holomorphic 
on C\E and satisfy /(oo) = 0. Here /'(oo) = limi^i^o^ z {f{z) — f{oo)). Observe that in this 
situation df defines a distribution supported on F, and actually \{df,l)\ = |/'(oo)|. It turns 
out [Sni that for any compact set E we have 

-fo{E)^MHE). (2.4) 

According to the theorem of Kaufman jl5j . in the class of functions / € BMO{C) holo- 
morphic on C \ E every / admits a holomorphic extension to the whole plane if and only 
if M^{E) = 0. That is, 70 characterizes those compact sets which are removable for BMO 
holomorphic functions. Because of these equivalences, to prove Lemma ITT] it suffices to show 
that 7o(0(^)) ~7o(^). 

Proof of Lemma HHl Suppose that / G BMO{C) is a holomorphic mapping oiC\E such that 
11/11* < 1 and /(oo) = 0. Then the function 5 = / o 0-Ms in BMO{C) and \\g\\^ < C{K). 
On the other hand, g is holomorphic on C \ (p{E), and since (p is a principal ii'-quasiconformal 
mapping, ^(cxd) = and 

^'(oo)! = hm \zg{z)\ = lim \<p{w) f{w)\ = |/'(oo)|. 

z|— >oo >oo 

Hence, jo{E) < C{K) ^Q{(j){E)). The converse inequality follows by symmetry, since also the 
inverse (/)~^ is a principal mapping,. □ 

This lemma is a first step towards the results on absolute continuity, as presented in the 
following reformulation of Theorem ll.il 

Theorem 2.2. Let E be a compact set and (/) : C — > C K -quasiconformal, normalized by 112. 
Then 

K+l 

MHcpiE)) < C (^MT^iE)^ 

2 

where the constant C = C{K) depends only on K. In particular, if 7{^+'^ (E) = then 
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Proof. There is no restriction if we assume E cO. We can also assume that cp is a principal 
i^T-quasiconformal mapping, conformal outside D. Now, given e > 0, there is a finite covering 
of E by open disks Dj = D{zj,rj), j = 1, ...,n, such that 

n 2 

J^rf^ < M^{E)+e 

Denote Cl = U^=i-Dj. As in dj, we use a decomposition = /lo^^, where both <pi, h are princi- 
pal X-quasiconformal mappings. Moreover, we may require that 0i is conformal in fiU (C\B) 
and that h is conformal outside 

By Lemma l2. 11 we see that 

Hence the problem has been reduced to estimating For this, -fC-quasidisks have 

area comparable to the square of the diameter, 

diamiMDj)) ^ \MDj)\^^^ = (^J^ J{z, c/^i) dA{z)j 
with constants which depend only on K. Thus, using Holder estimates twice, we obtain 

J^diamiMDj)) < C{K) f J] J{z,4>ifdA{z)\ ( ^l^^l^ 

as long as J{z,(pi)^ is integrable. But here we are in the special situation of ^ Lemma 5.2]. 
Namely, as (pi is conformal in the subset fi, we may take p = and apply [B] to obtain 

V / J{z,(l)i)PdA{z) = [ J{z,<PifdA{z) <7r 
j=i Jd, Ja 

With the above choice of p one has #^ = -j^^ . Hence we get 



2 



K+1 
2K 



K+1 



Y^dmmiMm < C{K) ^r/+^ < C{K) [M—^{E)+e) (2.5) 

But yjj(j)i{Dj) is a covering of 4>i{Vt)^ so that actually we have 

M\<p{E)) < CM\M^)) < C{K) [M~^{E)+ej 
Since this holds for every e > 0, the result follows. □ 
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At this point we want to emphasize that for a general quasiconformal mapping (p we have 
J{z, cj)) e LF^^^ only for p < -j^^- The improved borderline integrability {p = -j^^) under the 
extra assumption that </'|^ is conformal was shown in P| Lemma 5.2]. This phenomenon was 
crucial for our argument, since we are studying HausdorfF measures rather than dimension. 
Actually, the same procedure shows that inequality (|2.5j) works in a much more general setting. 
That is, still under the special assumption that (pi is conformal in Uj^^Dj, we have for any 

te[o,2] 

n \ t K 

^diampj)*) (2.6) 

where d = 2+{K-i)f other hand, another key point in our proof was the estimate 

M\h{E)) < CM\E), 

valid whenever /i is a principal X-quasiconformal mapping which is conformal outside E. We 
believe that finding the counterpart to this estimate is crucial for understanding distortion of 
Hausdorff measures under quasiconformal mappings. We make the following 

Conjecture 2.3. Suppose we are given a real number d G (0,2]. Then for any compact set 
E C C and for any principal K -quasiconformal mapping h which is conformal on C \ E, we 
have 

M'^ihiE)) M'^iE) (2.7) 
with constants that depend on K and d only. 

One may also formulate a convenient discrete variant, which is actually stronger than Conjec- 
ture E31 

Question 2.4. Suppose we are given a real number d G (0, 2] and a finite number of disjoint 
disks Di, Dn- If a mapping h is conformal on C\ D^j^^Dj and admits a K -quasiconformal 
extension to C, is it then true that 

n n 

^diam{h{Dj)f c^^diam{Djf (2.8) 
with constants that depend only on K and d ? 



We already know that (|2.7j) is true for d = \ and d = 2; however for Question 12.41 we know 
a proof only at d = 2. An affirmative answer to Conjecture ESI combined with the optimal 
integrability bound proving (|2.6() . would provide the absolute continuity of (f)*!-^^ with respect 
to H^, where d = 2+(K-i)f < t < 2 and K > 1. Therefore, (|2.7|) would have important 
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consequences in the theory of quasiconformal mappings. 

The positive answer to (|2.7j) for the dimension d = 1 was based on the equivalence (|2.4|) 
and the invariance of BMO. Actually more is true: the space VMO, equal to the BMO- 
closure of uniformly continuous functions, is quasiconformally invariant as well. We may also 
describe VMO as consisting of functions / S BMO for which 

lim^^|/-/B|=0 

as + 1^ ^ oo. As we now see, the invariance of VMO has interesting consequences. 

Theorem 2.5. Let E C C be a compact set, and : C ^ C a K -quasiconformal mapping. If 

2 . 
T-Ck+1 (^e^ is finite (or even a-finite), then Ti {(j){E)) is a -finite. 

This result may be equivalently expressed in terms of the lower Hausdorff content. To 
understand this alternative formulation of Theorem 12.51 we first need some background. A 
measure function is a continuous non-decreasing function h{t), t >0, such that limi_>o h{t) = 0. 
If /i is a measure function and F C C we set 

M^{F) =inf^/i(5j) 

j 

where the infimum is taken over all countable coverings of F by disks of diameter 6j. When 
h{t) = t", a > 0, M^{F) = J\A°^{F) equals the a-dimensional Hausdorff content of F . More- 
over, the content A^" and the measure have the same zero sets. We will denote hy J- = J-d 
the class of measure functions h{t) = t'^£{t), < e{t) < 1, such that lim(^o£(*) = 0. The 
lower d-dimensional Hausdorff content of F is then defined by 

MiiF) = sup M''{F) 

One has < M'^ but it can happen that M'i{F) = < M'^{F). For instance, if F is the 
segment [0, 1] in the plane, then M.\{F) = but M.^{F) = 1. An old result of Sion and Sjerve 
|26j in geometric measure theory asserts that M'l{F) = if and only if F is a countable union 
of sets with finite d-dimensional Hausdorff measure. For a disk B, M^B) = M'^{B), and for 
open sets U, A4'^{U) ~ Ai'^{U). We may now reformulate Theorem 12. 51 as follows. 

Theorem 2.6. Let E C C be a compact set, and : C ^ C a principal K -quasiconformal 

2 

mapping. If M^+^ (E) = 0, then Ml{(l){E)) = 0. 

For the proof, for any bounded set F C C define first 

7.(F) =sup|/'(oo)| (2.9) 
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where the supremum is taken over ah functions / G VMO, with ||/||* < 1, which are holo- 
morphic on C \ -F and satisfy /(oo) = 0. Again here we may replace |/'(oo)| by \ {df, 1)|. The 
VMO invariance leads to the following analogue of Lemma 12.11 

Lemma 2.7. Let E be a compact set. For any principal K -quasiconformal mapping (p : C ^ C, 
conformal on C\E, we have 

Proof. Consider / € VMO which is analytic in C \ and f{oo) = 0. Set g = f o <j). Then 
g G VMO, g is analytic on C \ E, \\g\\* < C ||/||* and |(7'(oo)| = |/'(c>o)| since (/> is a principal 
ii'-quasiconformal mapping. Consequently 'y^:{(p{E)) < C^^:{E). □ 

It was shown by Verdera that this VMO capacity is essentially the 1-dimensional lower 
content. 

Lemma 2.8 (122], p. 288). For any compact set E, Ml{E) ~ -i*{E). 

With these tools we are ready to prove Theorem 12.61 

Proof of Theorem \2.(A Naturally, the argument is similar to that in Theorem 12.21 Without 
loss of generality, we may assume that E d H and that </> is a principal i^-quasiconformal 

2 

mapping. Furthermore, we may assume that Ti, {E) is finite, and for any 5 we have a finite 

2 2 

family of disks A such that E C UjA, X]jdiam(A)^^ < Hk+t^E) + 1 and diam(A) < 
Set = UjDj. Again, we have a decomposition (f) = (j)2°4>i, where both (pi and (f)2 are principal 
i^T-quasiconformal mappings, and where we may require that (pi is conformal in (C \ B) U fi, 
and (j)2 is conformal outside </>i(^2). Thus, 

Ml{(PiE)) < Ml{(Pm 

By Lemma 1221 the lower content can be replaced by the VMO capacity, 

Mi{(i>m)<cj,{(Pm 

Since (p2 is conformal outside of (pi{0,), from Lemma 12.71 we obtain 

j^i^m = 7*(</'2 o (Pim ~ 7* ('Alp) < cMi{(Pim) 

where the last inequality uses again Lemma |2.81 It hence remains to estimate A4^((/>i(r2)). 
For this, take h £ h{t) = te{t), and argue as in Theorem 12.21 Since ii'-quasiconformal 
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mappings are Holder continuous with exponent 1/i^, 

M''{M'^))< Xldiam(0i(Dj))e(diam((/)i(Dj))) < e(C7i^ 5^/^) ^ diam((/.i(Dj)) 



K-l 
2K 



K+l 

<e{CK8^'^)CK I ^diam(L'j)^ j < e{CK 5^^^)Ck im^^{E) + 1 



K+l 
2K 





Finally, taking 5 ^ we get Ai^{cl){E)) = 0. This holds for any h ^ J^, and the Theorem 
follows. □ 

One might think of extending the preceeding results from the critical index j^^ri to arbitrary 
ones by using other capacities that behave like a Hausdorff content. For instance, the capacity 
7a, associated to analytic functions with the Lip(a) norm |^, satisfies 

but unfortunately, the space Lip(a) is not invariant under a quasiconformal change of variables. 
Thus, other procedures are needed. It turns out that the homogeneous Sobolev spaces provide 
suitable tools, basically since Ty^'^(C) is invariant under quasiconformal mappings. Here recall 
that for < a < 2 and p > 1, the homogeneous Sobolev space VK"'P(C) is defined as the space 
of Riesz potentials 

f = Ia*g 

where g £ LP{C) and /q,(z) = ^pr^r- The norm is given by ||/||iycp(c) = Ibllp- When a = 1, 
W^'P{C) agrees with the space of functions / whose first order distributional derivatives are 
given by -LP(C) functions. Let / G W^''^{C) and let be a X-quasiconformal mapping on C. 
Defining g = f o (j) we have 

\Dg{z)\^dA[z)< [ \Df{cPiz))\^\DcP{z)\^dA{z) 



= K f \Df{w)\^ dA{w) 
Jc 

so that g G l^^'^(C). In other words, every K-quasiconformal mapping (j) induces a bounded 
linear operator 
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with norm depending only on K. As we have mentioned before, this operator T is also bounded 
on BMO{C) mi- Moreover, Reimann and Rychener ^ p.l03] proved that W^'''{C), q > 2, 
may be represented as a complex interpolation space between BMO{C) and W^''^{C). It 

2 

follows that T is bounded on the Sobolev spaces VF^''^(C),g > 2. More precisely, there exists 
a constant C = C{K,q) such that 

\\f0(j)\\.2^ <C||/||.2„ (2.10) 

for any iT-quasiconformal mapping (/> on C. These invariant function spaces provide us with 
related invariant capacities. Recall (e.g. 1, pp.34 and 46]) that for any pair a > 0, p > 1 with 

< < 2, one defines the Riesz capacity of a compact set E by 

C^,p{E) = suvitiiEf} 

where the supremum runs over all positive measures /x supported on E, such that ||/Q,*^||g < 1, 

1 + I = 1. We get an equivalent capacity if we replace positive measures /i by distributions T 
supported on E, * T\\q < 1, and take the supremum of |(T, 



To see the connection with equation (|2.1flj) consider the set functions 

H-a,q{^) = sup{|/'(oo)|; / analytic mC\E, ||/||^i-c,9 < 1 and /(oo) = 0} 

Observe again that |/'(oo)| = \{df,l)\ where this action must be understood in the sense of 
distributions. With this terminology we have 

Lemma 2.9. Suppose that E is a compact subset of the plane. Then, for any p G (1, 2), 

where a = | — 1 and q = . 

Proof. On one hand, let /i be an admissible measure for Ca,p. Then, Iq, * /i is in L'' with norm 
at most 1. Define f = ^ * fi. Clearly, / is analytic outside E, /(oo) = and f'{oo) = Ijl{E). 
Moreover, up to multiplicative constants, 

and consequently we can write 

/ = ^ * /" = R{h * IJ) = h-a * R{Ia * Ai) 
where i? is a Calderon-Zygmund operator and H/Hyj/i-a,, = ||-R(/a * /x)||g ^ \\Ia * /^llg- 
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For the converse, let / = Ii-a * 5 be an admissible function for 7i_Q,^g. We have that, up 
to a multiplicative constant, T = df is an admissible distribution for Ca,p because 

Ia*T = R\g) 

where is the transpose of R. Thus, Ca,p{EY/^ > |(T, 1)| = |/'(oo)| and the proof is 
complete. □ 

We end up with new quasiconformal invariants built on the Riesz capacities. 

Theorem 2.10. Let (p : C ^ C be a principal K -quasiconformal mapping of the plane, which 
is conformal on C\E. Let 1 < p < 2 and a = | — 1. Then 

with constants that depend only on K and p. 

Proof. By the preceding Lemma it suffices to show that 7i-Q,g {(p{E)) < CKli-a,q{E). 

Let / be an admissible function for ji-a^q{(p{E)). This means that / is holomorphic on 
C\(I){E), f{oo) = and that < 1. Then, we consider the function g = focp. Clearly, 



9{f o 0) = outside E and g{co) = 0. Moreover, for a = | — 1 we have 1 — a = |. Hence, 
because of equation 1)2. 1U() . 



\\g\\y^,-..,,<CK\\f\\^l,<C{K,q) 

so that c(K,q) 9 admissible function for 7i_Q,^q(i?). Hence, as is a principal K- 

quasiconformal mapping, 

and we may take supremum over /. □ 

The above theorem has direct consequences towards the absolute continuity of Hausdorff 
measures, but unfortunately these are slighly weaker than one would wish for. In fact, there 
are compact sets F such that Ca,p{F) = and 7i^{F) > 0, for some measure function h{t) = 
fP E{t). Thus, Theorem 12.101 does not help for Conjecture 12.31 We have to content with the 
following setup: 

Given 1 < d < 2 consider the measure functions h{t) = e{t) where 

f , N -L- dt 

\ e(t)d-i— < 00 (2.11) 

Typical examples of such functions are h{i) = t'^llogt]"* or = t*^! log tl^""^ log~*(| log t|) 
where s > d—\. 
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Corollary 2.11. Let E be a compact set on the plane, and (/> : C — > C a principal K- 
quasiconformal mapping, conformal outside of E. Let 1 < d < 2. Then, 

M^{(t>{E)) < CM'^{E) 

for any measure function h{t) = e{t) satisfying 112.11]) . Moreover, if 7i'^{E) < oo then 
'H^{(j){E)) = for every such h. 

Proof. By ^ Theorem 5.1.13], given a measure function h satisfying (|2.1H) there is a constant 
C = C{h) with 

M''{(t>{E))<CCaA(t>iE)), " = ^-1 

By Theorem 12. 101 Ca,d{4>iE)) < C Ca^^E) and using again ^ Theorem 5.1.9] we finahy have 
Co^^E) < M'^iE). □ 

Arguing now as in Theorems 12.21 and 12.61 we arrive at the following conclusion. 

Corollary 2.12. Let E be a compact set of the plane and suppose (p : C ^ C is a K- 

quasiconformal mapping. Let t E {j^^,2) and d = 2+{K-i)t • ^^^^j under the normalization 

a, 

M\(t>{E)) < C C^MiE)) < C {M\E)) ^ , a = ^ - 1 
for any measure function h satisfying \2.11\) . The constant C depends only on h and K . 
Here note that for -j^q^ < t < 2 we always have 1 < d < 2 in the above Corollary. 

3 Distortion of rectifiable sets 

In general, if is a i^-quasiconformal mapping and ii^ is a compact set, it follows from (|1.2|) 
that 

2 2K 
dim(£;) = 1 ^ <d\m.(b(E)< (3.1) 

Here for both estimates one may find mappings (p ^-nd sets E such that the equality is attained, 
see There all examples come from non regular Cantor-type constructions. Thus the 
extremal distortion of Hausdorff dimension is attained, at least, by sets irregular enough. The 
main purpose of this section is to prove that some irregularity is also necessary. Namely, we 
show that quasiconformal images of 1-rectifiable sets cannot achieve the maximal distortion 
of dimension. 

Theorem 3.1. Suppose that (j) : C ^ C is a K -quasiconformal mapping. Let E C 9ID) be a 
subset of the unit circle with dim(ii^) = 1. Then we have the strict inequality 

dim(0(i?)) > 
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With similar but easier argument one may also prove that for such sets E, neither can 
dim((p{E)) attain the upper bound in p.lf) . For details see Remark 13.71 

From this Theorem we obtain as an immediate corollary the following more general result. 

Corollary 3.2. Suppose that E is a 1-rectifiable set, and let <j) : C ^ C be a K -quasiconformal 
mapping. Then there exists a subset Eq C E of zero length such that 

2 

d\m.(l){E\EQ) > 



K + l 

Recall that a set ii^ C C is said to be 1-rectifiable if there exists a set Eq of zero length such 
that E\Eq is contained in a countable union of Lipschitz curves, that is, 

oo 

E\Eoc\J<^,{[0,l]) 

i=i 

where all <I>j : [0, 1] ^ C are Lipschitz mappings. Alternatively jl8j 1-rectifiable sets can be 
viewed as subsets countable unions of curves, modulo a set of zero length. In particular, 
for any e > there is a decomposition 

oo 

E\E', = [jE, 

i=l 

where Eq has zero length and each Ei can be written as Ei = fi(Fi), with /j : C ^ C a 
(1 + e)-bilipschitz mapping and Fi C dD. From this and Theorem 13. II we obtain Corollarv l3.2l 

To prove Theorem l3.lL first some reductions may be made. Recall ^1^ that every X-quasiconformal 
mapping (f> can be factored as (p = (pn ° ' ' ' ° 4'1 where each is Xj-quasiconformal, and 
Ki K2 • • • • Kn = K. In particular, given e > 0, we can choose Kj < 1 + e for all j = 1, n, 
when n is large enough. On the other hand, recall that from the distortion of Hausdorff 
dimension (|1.2() we have 

' ' <- X - ^) (3.2) 



dim^(£;) 2 " Vdim-E 2^ 
If (j) is such that equality in 1)3. 2() holds for E, then every factor above must give equality 
for the set Ej = (pj-i o . . . (pi{E) and K = Kj. In other words, if one of the mappings (pj fails 
to satisfy the equality in 1)3.2(1 . then so will (p. By combining these facts, we deduce that in 
order to prove Theorem 13.11 we can assume that K = 1 + e with e > as small as we wish. 



For mappings with small dilatation it is possible achieve quantitative and more symmetric 
local distortion estimates. In particular, Theorem 13. II will follow from the next lower bounds 
for compression of dimension. 
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Theorem 3.3. Suppose : C ^ C is (1 + e)-quasiconformal and E C dH. Then for all e > 
small enough, 

dim{E) > 1 - Co dim{(l){E)) > 1 - ci (3.3) 
where the constants cq, ci > are independent of e. 

Our basic strategy towards this result is to reduce it to the properties of harmonic measure 
and conformal mappings admitting quasiconformal extensions. Indeed, denote by fj, the Bel- 
trami coefficient of (j) and let h be the principal solution to dh = xnfJ-dh. Then h is conformal 
outside the unit disk. Inside B it has the same dilatation /i as (j), and hence differs from this 
by a conformal factor. Consequently, we may find Riemann mappings / : D ^ := (/)(B) and 
5 : B ^ J]' := /i(B) so that 

(f,{z) = f o g-^ oh{z), zeB (3.4) 

Moreover, since the (1 + e)-quasiconformal mapping G = g^^ o k preserves the disk, reflecting 
across the boundary (9B one may extend G to a (1 + e)-quasiconformal mapping of C. At the 
same time, this procedure provides both / and g with (1 + e)^-quasiconformal extensions to 
the entire plane C. 

As the final reduction we now find from (|3.4|) that for Theorems 13. II and 13.31 it is sufficient 
to prove the following result. 

Theorem 3.4. Suppose that / : C — > C is a (1 + e)- quasiconformal mapping of C, conformal 
in the disk B. Let A C 9B. There are constants cq, ci and 70, 71, independent of e, such that 
for e > small enough, 

(i) dim(A) > 1 - Co dim(/(A)) > 1 - ci 

and 

(ii) dim(A) < 1 - 70 dim(/(A)) < 1 - 71 

Proof. The first conclusion (i) follows from Makarov's fundamental estimates for the harmonic 
measure |17| . see also [221 p. 231]. In the work [IT] Makarov proves that for any conformal 
mapping / defined on B, for any Borel subset A C 5B and for every q > we have the lower 
bound 

- Pf{-q) + q + l-dim{A) ^ ^ 

Here f3f{p) stands for the integral means spectrum. That is, for a given p G M, (3f{p) is the 
infimum of all numbers fi such that 

2lT / 



|/V*)Pt = 0(^^-^) (3.6) 
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as r — > 1~. 

We hence need estimates for (3f{p), and here for mappings admitting i^-quasiconformal 
extensions one has quahtively sharp bounds. Indeed, it can be shown [22l p. 182] that 

/?/(p)<9(§^)'/ (3.7) 

for any p G M. The constant 9 is not optimal but suffices for our purposes. Choosing g = 1 in 
()3.5() gives immediately the first claim (i). 

For general conformal mappings there is no bound for expansion of dimension, i.e. there 
is no upper bound analogue of (|3.5() . Hence the proof of (ii) uses strongly the fact that map- 
pings considered have (1 + e)-quasiconformal extensions. However, also here this information 
is easiest to use in the form (|3.7() . 

We first need to introduce some further notation. The Carleson squares of the unit disk 
are defined as 

Q^. = {z G B : 2-^ < 1 - |z| < 2-''+\ < arg(z) < 2-'=+V(j + 1)} 

Given a point z £ B\{0}, let Q{z) denote the unique Carleson square that contains z. Then it 
follows from Koebe's distortion Theorem and quasisymmetry [7], ^H] that if D((^,r) is a disk 
centered at ^ G dD, we have 

diam(/(D)) ~ diam(/(Q(z))) ~ |/'(z)|(l - \z\), for z = {I - r)^, (3.8) 

whenever / : C ^ C is a ET-quasiconformal mapping, conformal in D. 

Furthermore, assume we are given a family of disjoint disks Di = D{S^i,ri) with centers 
G 9D, i G N, on the unit circle. Write then Zi = {1 — ri)S^i, and for any pair of real 
numbers < a < 6 < 1 define two subsets of indices, 

Ig{a,6) = {zGn;\nz,)\<{l-\z,\)J~'} 
h{a,S)=n\Igia,6) 

Diameter sums over the 'good' indexes Ig{a,6) are easy to estimate. We have 

diam(/(A))' < c Yl \n^^)\'i^-\^^\)'<c Yl (i-i^^ir 

i£lg(a,S) ieIg{a,S) i£lg{a,S) 

where C depends only on K. In other words, 

Y diam(/(A))^ <C Y diam(A)" (3.9) 

i£lg{a,5) i£lg{a,5) 
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It is well known that the integral means can be used to control the complementary indexes 
Ib{oi,S). We give the technical details in a separate Lemma: 

Lemma 3.5. Assume that < a = 1 — Me^ , for some M > 400, and let 6 = a(l + Ne"^), 



where 20V M < N < M. Then 

diam(/(A))' < C 

where C is independent of Dj. Moreover, 6 satisfies 5 < 1 — je'^ where ^ = M — N > 0. 

Proof. We classify the bad indexes Ib{c(, 6) by defining for k = 1,2, and m £ Z 

Ii = {ie h{a,6); 2-^= < 1 - \z,\ < 2'~\ 2~'-^ < " < 2^^'} 

and write = #1^. By ^ \ f'{zi)\ (1 - | Zi\) is comparable to diam(/(L)j)), which is always 
smaller than diam(/(3D)). On the other hand, if i G then 

(2-'=)f <(l-|z,|)t<(l-|z,|)|/'(z,)l<2-™ 

Hence the indexes m with nonempty lie on an interval mg < m < jk. 

Prom Koebe we also see that liie 1^ then \ f'{w)\P ~ 2p('^-'") for every w G Q{zi), with 
constants depending only on p. Combining this with (|H.7)) gives for any r > 

<C2K!^V+r+l-^p) 

where C now depends on p and r. We may take p = and obtain 

,i<C2(^+-)'^-(T^&F(^)^ 
Since diam(/(Z)j)) is comparable to \f'{zi)\ (1 — \zi\) ~ 2~™ for z e /, 



m ' 



y: diam(/(A))^<c5: 5: g^2-^<c5: 5: 2h^+^-^-t^(^)) (3.10) 

ielt{a,5) k=Om=mo k=Om=mo 

One now needs to ensure that the exponent 1+r — — (^x^) ^ negative. In particular, 
we want the exponent to attain its maximum at m = ^k, and this is satisfied if 

-<1--(10.)^5 

Under the assumptions of the Lemma this is easy to verify. Similarly one verifies that the 
specific choices of the Lemma yield the maximum value 

1 / a\2 
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when r is chosen smah enough. It follows that the sum in has a finite upper bound 

depending only on the constants M, A^. This proves Lemma 13.51 □ 

The dimension bounds required in part (ii) of Theorem 13 . 41 are now easy to establish. For 
every a > 1 — 7oe^ we have coverings of A, consisting of families of disks Dj = D{zj,rj) 
centered on (?D and radius rj<p^O uniformly small, such that the sums Y2j diam(Z)j)" are 
uniformly bounded. On the image side, for each 6 > 

^diam/(A)^= diam/(A)^+ diam/(A)* 

i ieIg{a,S) i€lb(a,S) 

As soon as a < S < 1, estimate (|3.9|) gives 

Y diam/(A)^ - Yl diam(A)" 

Furthermore, by Lemma l3.5| there exists an exponent a < (5 < 1 — 71 such that the series 

Y diamfiDi)' 

is bounded independently of the covering Dj. Thus the entire sum diam(/(A))^ remains 
bounded as supjdiam(A) — ^ 0. This means dim/(^) < (5 < 1 — 716^, and completes the 
proof of Theorem 13.41 □ 

By symmetry, c.f. (|3.4|1 . Theorem 13.41 proves bounds also for expansion of dimension. 

Corollary 3.6. There are constants cq, ci > such that if E C 9B and f : C ^ C is 
K -quasiconformal with K = 1 + e, then 

dim(^) < 1 - Co => dim(/(S)) < 1 - ci 

when £ > is small enough. 

Very recently, L Prause j23| has obtained a different proof for Theorem 13.31 and Corollary 
13.61 based in the ideas on [3] and a well known result from Becker and Pommerenke ^ which 
says that 



dim(r)<l + 37(^-^J (3.11) 
for every i^-quasicircle F. 

Remark 3.7. Similarly as the compression bound led to Theorem I.V. il the inequality 

yields improved upper estimates. We have hence the symmetric strict inequalities: 

If (j) : C ^ C is a K -quasiconformal mapping and E C dH with dim(£') = 1, then 

2 2K 
< dimi<P{E)) < 



K + l " K + l 
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Moreover, for the dimension of quasicircles Smirnov (unpublished) has obtained the upper 
bound 

dim(r) < 1 + 



K + 1 

answering a question in It is still unknown if this bound is sharp; the best known lower 
bounds so far [S] give curves with dimension 1 + 0.69 ^-^^^ . 

The arguments we have used are related to the generalized Brennan conjecture, which says 
that 



p"^ f K -l\ K + 1 

PAp) < ^ [yT[) for \P\ < 2^, (3.12) 



whenever / is conformal in D and admits a JC-quasiconformal extension to C. This connection 
suggests the following 

Question 3.8. Let E cM be a set with H aus dor ff dimension 1, and let (p be a K -quasiconformal 
mapping. Is it true that then 

K-l\'^ . /K-1^^ 



The positive answer for the right hand side inequality follows from Smirnov's unpublished 
work, while the left hand side is only known up to some multiplicative constants. On the other 
hand, Prause proves the left inequality for the mappings that preserve the unit circle 9B. 



4 Improved Painleve Theorems 

A compact set E is said to be removable for bounded analytic functions if for any open set 
$7 with E d Vl, every bounded analytic function on $7 \ has an analytic extension to Vl. 
Equivalently, such sets are described by the condition ^{E) = 0, where 7 is the analytic 
capacity 

-f{E) = sup{|/'(oo)| : / G H°-{C \ E), /(oo) = 0, ||/|U = 1} 

Finding a geometric characterization for the sets of zero analytic capacity was a long standing 
problem. It was solved by G. David 11^ for sets of finite length, and finally by X. Tolsa [22] in 
the general case. The difficulties of dealing with this question motivated the study of related 
problems. In particular, we have the question of determining the removable sets for BMO 
analytic functions, that is, those compact sets E such that every BMO function in the plane, 
holomorphic onC\E, admits an entire extension. This problem was solved by Kaufman (see 
|15j). who showed that a set E has this BMO-removability property if and only if Tl^{E) = 0. 

For the original case of bounded functions the Painleve condition 7i^{E) = can be weak- 
ened. As is well known, there are sets E with zero analytic capacity and positive length 
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(see for an example). In fact, it is now known that among the compact sets E with 
< Ti.^{E) < oo, precisely the purely unrectifiable ones are the removable sets for bounded 
analytic functions Moreover, if E has positive cj-finite length, this characterization still 
remains true, due to the countable semiadditivity of analytic capacity |27j . 

The preceeding problems can be formulated also in the -ftT-quasiregular setting. More pre- 
cisely, a set E is said to be removable for bounded (resp. BMO) K-quasiregular mappings, 
if every ii'-quasiregular mapping in C \ E which is in L°^(C) (resp.i3MO(C) ) admits a K- 
quasiregular extension to C. For simplicity, we use here the term K-removable for sets that 
are removable for bounded iiT-quasiregular mappings. 

Obviously, when X = 1, in both situations L°° and BMO we recover the original analytic 
problem. Moreover, by means of the Stoilow factorization, one can represent any bounded K- 
quasiregular function as a composition of a bounded analytic function and a ii'-quasiconformal 
mapping. The corresponding result holds true also for BMO since this space, like L°°, is qua- 
siconformally invariant. 

Therefore, when we ask ourselves if a set E is i('-removable, we just need to analyze how 
it may be distorted under quasiconformal mappings, and then apply the known results for the 
analytic situation. With this basic scheme, it is shown in [H Corollary 1.5] that every set with 
dimension strictly below -^^^ is i('-removable. Indeed, the precise formulas for the distortion of 
dimension (|1.2|) ensure that for such sets the ii'-quasiconformal images have dimension strictly 
smaller than 1. 

Iwaniec and Martin TT had earlier conjectured that, more generally, sets of zero Tjqrj- 
dimensional measure are ii'-removable. A preliminary answer to this question was found in 
[7j, and actually it was that argument which suggested Theorem 12.21 Using our results from 
above we can now prove that sets of zero jjq:^ -dimensional measure are even SMO-removable. 

2 

Corollary 4.1. Let E be a compact subset of the plane. Assume that TL'^+^ (E) = 0. Then E 
is removable for all BMO K-quasiregular mappings. 

Proof. Assume that / G BMO{C) is iT-quasiregular on C \ E^. Denote by fi the Beltrami 
coefficient of /, and let cj) be the principal solution to dcp = fid(j). Then, F = f o (p^^ is 
holomorphic on C \ (f){E) and F £ BMO{C). On the other hand, as we showed in Theorem 
12.21 ((/)(£')) = 0. Thus, (p{E) is a removable set for BMO analytic functions. In particular, 
F admits an entire extension and f = F o (j) extends quasiregularly to the whole plane. □ 

We believe that Corollary 14.11 is sharp, in the sense that we expect a positive answer to 
the following 
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Question 4.2. Does there exist for every K > 1 a compact set E with < H^+i {E) < oo, 
such that E is not removable for some K-quasiregular functions in BMO{C). 

Here we observe that by :4:, Corollary 1.5], for every t > there exists a compact set E 
with dimension t, nonremovable for bounded and hence in particular nonremovable for BMO 
ii'-quasiregular mappings. 

Next we return back to the problem of removable sets for bounded i^-quasiregular mappings. 

2 

Here Theorem 12.21 proves the conjecture of Iwaniec and Martin that sets with T^^+i {E) = 
are if -removable. However, the analytic capacity is somewhat smaller than length, and hence 
with Theorem 12. 5 1 we may go even further: If a set has finite or cj-finite ^^^^^ -measure, then all 
iiT-quasiconformal images of E have at most cr-finite length. Such images may still be remov- 
able for bounded analytic functions, if we can make sure that the rectifiable part of these sets 
has zero length. But for this Theorem 13.11 provides exactly the correct tools. We end up with 
the following improved version of Painleves theorem for quasiregular mappings. 

2 

Theorem 4.3. Let E he a compact set in the plane, and let K > 1. Assume that TL'^+^ (E) 
is a-finite. Then E is removable for all bounded K-quasiregular mappings. 

In particular, for any K -quasiconformal mapping (j) the image (j){E) is purely unrectifiahle. 

Proof. Let / : C ^ C be bounded, and assume that / is X-quasiregular on C \ E'. As in 
Cor ollarv 14 . 1 1 we may find the principal quasiconformal homeomorphism i;^ : C — > C, such that 
F = f o (p'^ is analytic in C \ (^{E). If we can extend F holomorphically to the whole plane, 
we are done. Thus we have to show that (j){E) has zero analytic capacity. 
By Theorem 12. 5| cl){E) has a-finite length, that is, (piE) = U„-F„, where each 7{^{Fn) < oo. 
A well known result due to Besicovitch (see e.g.|TB, p. 205]) assures that each set -F„ can be 
decomposed as 

F„ = ii„ U [/„ U Bn 

where Rn is a 1-rectifiable set, Un is a purely 1-unrectifiable set, and B^ is a set of zero length. 
Because of the semiadditivity of analytic capacity P7j , 

liFn) < C {-f{Rn) + -/(Un) + 7(^n)) 

Now, 7(S„) < Cn^{Bn) = and -^{Un) = since purely 1-unrectifiable sets of finite length 
have zero analytic capacity 11 . On the other hand, Rn is a 1-rectifiable image, under a K- 
quasiconformal mapping, of a set of dimension -j^p^. Thus applying Theorem 13 . 1 1 and Corollary 
13.21 to 4>~'^ shows that we must have Ti.^{Rn) = 0. Therefore we get ^{Fn) = for each n. 
Again by countable semiadditivity of analytic capacity we conclude 'y{<j){E)) = 0. □ 
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As pointed out earlier, the above theorem does not hold for K = 1. Any 1-rectifiable set 
such as -E = [0, 1] of finite and positive length gives a counterexample. In the above proof 
the improved distortion of 1-rectifiable sets was the decisive phenomenon allowing the result. 
In fact, such good behavior of rectifiable sets has further consequences. For instance, even 
strictly above the critical dimension = 1 — one may find removable sets, as soon as 
they have enough geometric regularity. 

Corollary 4.4. There exists a constant c > 1 such that if E C 90 is compact and 

dME) < 1 - c (1^) 

then E is removable for bounded and BMO K-quasiregular mappings, K = 1 + e, whenever 
e > is small enough. 

Proof. This is a consequence of Corollary 13.61 If e > is small enough and K = 1 + e, 
then the iC-quasiconformal images of E will always have dimension strictly below 1, so that 
'y{(j){E)) = for each iiT-quasiconformal mapping (p. □ 

In conjunction with Question 13.81 we have 

Question 4.5. Let K > 1. Is then every set E C dB> with dim(£') < 1 — removable 
for bounded and BMO K-quasiregular mappings 



5 Examples of extremal distortion 

The previous sections provide a delicate analysis of distortion of 1-dimensional sets under 
quasiconformal mappings but still leave open the cases where dim(£') = -j^^-j- precisely but E 
does not have cr-finite -measure. Hence we are faced with the natural question: Are there 
compact sets E, with d\m{E) = -^qrj, that are non removable for some bounded ii'-quasiregular 
mappings. 

In this last section we give a positive answer and show that our results are sharp in a quite 
strong sense. Indeed, to compare with the analytic removability recall first that by Mattila's 
theorem (T9l, if a compact set E supports a probability measure with fj,{B{z,r)) < re{r) and 

dt < oo, (5.1) 

then the analytic capacity 7(-E) > 0. On the other hand, if the integral in (|5.1|) diverges, then 
there are compact sets E of vanishing analytic capacity supporting a probability measure with 
lj,{B{z,r)) < r e{r) ^271. In a complete analogy we prove 
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Theorem 5.1. Let K > 1. Suppose h{t) = t^+i e{t) is a measure function such that 

^ dt < oo (5.2) 

t 

Then there is a compact set E which is not K -removable and yet supports a probability measure 
/X, with n{B{z, r)) < h{r) for every z and r > 0. 

In particular, whenever e{t) is chosen so that in addition for every a > we have t"/e{t) — > 
as t 0, then the construction gives a non-K -removable set E with dmi{E) = -^qry. 

Proof. We will construct a compact set E and a i^-quasiconformal mapping (j) such that 
7i^{E) ~ 1, and at the same time ^(-E) has a positive and finite T^^'-measure for some measure 
function h'{t) = te'{t) where 

e'(t)'^ 

h'{t) = t£'{t) with / —^dt < oo 

Jo i 

Mattilas theorem shows then j((f){E)) > 0, so that there exists non-constant bounded functions 
h holomorphic on C \ (/>(£'). Thus with / = /i o we see that E is not removable for bounded 
K-quasiregular mappings. 

We will construct the if-quasiconformal mapping cf) as the limit of a sequence ^at oi K- 
quasiconformal mappings, and E will be a Cantor-type set. To reach the optimal estimates 
we need to change, at every step in the construction of E, both the size and the number ruj 
of the generating disks. 

Without loss of generality we may assume that for every a > 0, t°'/£{t) — ^ as t — 0. 
Step 1. Choose first mi disjoint disks D{zi,Ri) C B, z = 1, ...,mi, so that 

ci ■.= miRl G (^,1) 

For Ri small enough (i.e. for mi large enough) this is clearly possible. The function fit) = 
mi h{tRi) is continuous with /(O) = 0. Moreover, for each fixed t 

2 e (t^/ci/mi ) 
f{t) = mi{tRi)T^ e{tRi) = — ^ Tci oo 

{t^ci/m-^ ^"^^ 

as mi — > oo. Hence for any i < 1 we may choose mi so large that there exists ai € (0, i) 
satisfying mi h{ai Ri) = 1. A simple calculation gives 

mi aiRi e{a^Ri)^ (ci)^ = 1 (5.3) 

Next, let ri = Ri. For each i = 1, ... ,mi, let ipj (z) = Zi + afRi z and, using the notation 
aD{z,p) := D{z,ap), set 

Di:=-^^UD) = D{zi,ri) 
Dl:= ipl{B) = D{zi,afri)(ZDi 
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As the first approximation of tfie mapping define 

al~^ {z - Zi) + Zi, 



ri 



ZED', 

(z - Zi) + Zi, zeDi\ D[ 
z ^ UDi 



This is a K-quasiconformal mapping, conformal outside of Ui='i(A \ ^i)- niaps each Dj 
onto itself and D'^ onto D" = D{zi,airi), while the rest of the plane remains fixed. Write 
(l>i = 91- 

Step 2. We have already fixed mi,i?i,cri and c\. Consider disjoint disks of radius i?2, 
centered at Zj, j = 1, ... ,m2, uniformly distributed inside of D, so that 

C2 = m2 -Ri > ^ 

Then repeat the above procedure and choose m2 so large that the equation 

nil h{ai a2 R1R2) = 1 
has a unique solution a2 G (0, 1), as small as we wish. Then, 

mim2 (Ti(j2i?ii?2 e(<7f -R1-R2) (C1C2) 2^ =1 
Denote r2 = R2 ci^i and </'j(^) ~ -^1 + cr2 ^2 z, and define the auxiliary disks 



Dij = 01 o 'Pjm^ = D{zij,r2) 

= ( if] o ^2(B)) = D'iz,j,a^r2) 



for certain Zij G D, where i = 1, . . . , mi and j = 1, . . . , m2- Now Let 



(To 



Z Z^j j -\- Zij 



r2 



{z - Zij) + Zij z G Dij \ D\j 
otherwise 



Clearly, g2 is K-quasiconformal, conformal outside of \]i j{Pij\D[-), maps each Dij onto itself 
and D'- onto D'l^ = D{zij,a2r2), while the rest of the plane remains fixed. Define 02 = g2°<i>i- 

The induction step. After step AT — 1 we take mjv disjoint disks of radius i?jv, with union 
of D{zi^, Rn) covering at least half of the area of B, 



CN = ruN Rn >7; 



(5.4) 
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As before we may choose m^r so large that mi . . . niN h{a^ ...a^Ri... Rn) = 1 holds for 
unique a at, as small as we wish. Note that lim = and 



K+l 



mi . . . rriTv (JiRi . . . ctnRn ^(o'l Ri ■ ■ ■ ctj^Rn) (ci . . . cat) = l 

Denote then (ff (z) = zj^ + a^R^ z and r^r = Rn (^n-i^n-i- For any multiindex J 
(ji, jAf), where I < jk < m-fc, k = l,...,N, let 



a 



N 



D'j = 4>N-i (y^ji o • • • o 



= D{zj,rN) 
D'{zj,a§rN) 



and let 



9n{z) 



z e D'- 



J 



+ zeDj\D'j 



z otherwise 

Clearly, (/at is i^-quasiconformal, conformal outside of IJj=(ji jn)^'^-^ \ -^j)' ^^'Ps Dj onto 
itself and L'j onto D'j = D{zj,aNrN), while the rest of the plane remains fixed. Now define 

(t>N = QN ° (pN^l- 



Since each is X-quasiconformal and equals the identity outside the unit disk D, there 
exists a limit ET-quasiconformal mapping 



lim (pN 

N^oo 



with convergence in W^^^{C) for any p < -^^j. On the other hand, cj) maps the compact set 



^=n u 

A^=i \ii,-,ijv 



JN 
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to the set 



N=l \jl,---,jN 



where we have written ^j{z) = Zj + aiRiZ, j = 1, m^, i G N. 
To complete the proof, write 

SN = {(^iRi) ■ ■ ■ (ct^Rn) and tN = (criRi) ■ ■ ■ (<7Af-RAr) (5.5) 
Observe that we have chosen the parameters RN,m]y,a]\f so that 

mi . . . mj\f h{s]\f) = ^ (5-6) 
mi . . . miv ^Af e(sAf)^^(ci . . . cat) ■2k = 1 (5.7) 

Claim. n''{E) ~ 1. 
bmce diam(v3]^ o ■ ■ ■ o tp^^ (B)) < 5n ^ when N — > cxD, we have by ()5.6p 

n^{E) = limns{E) <lim ^ h{diam{ip]^ o ■ ■ ■ o ipf^{0))) = mi . . . thn Hsn) = I 

jl,--;jN 

For the converse inequahty, take a finite covering (Uj) of E by open disks of diameter diam(C/j ) < 
5 and let 5o = infj(diam(C/j)) > 0. Denote by Nq the minimal integer such that satq ^ ^o- By 
construction, the family {^f^ o • • • o 9?]^ (B))j^^...j-^^ is a covering of £^ with the A^'^-packing 
condition Thus, 

5^Mdiam(t/,))>C Mdiam((^;j^o...o<^,\(D))) = C 

Hence, > C and letting 6 ^ 0, we get that 

C < rL^{(t>{E)) < 1 

proving our first claim. 

A similar argument, based this time on (|5.7j) . gives that n^\(p{E)) ~ 1 for a measure 
function h'{t) = te'{t), as soon as for all indexes 

e'(t7v) =e(s7v)^(ci...C7v)^ (5.8) 

Claim. One can find a continuous and nondecreasing function e'(t) satisfying ()5.8|) and 

"1 e'(t)2 







-dt < oo (5.9) 
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Indeed, let us first choose a continuous nondecreasing function v{t) so tliat u (t) — > as t — > 
and so that ()5.2|) still holds in the form 

^ ' dtK oo (5.10) 



tv{t) 

In the above inductive construction we can then choose the cr^'s so that 7;((Tf • • • cr^) < 
2-N{i~i/K) £qj. g^gj^y index A^. Now and (|5^ imply 

v{sn) 

On the other hand by H5.5() we also have tj^^i/tjy < sn-i/sn and so we may extend e'{t), 
determined by (|5.8p only at the iiv's, so that it is continuous, nondecreasing and satisfies 



J, .2dt ^ f e{sy+^/^ ds 



[ e\tf - < I ^^^^^-^ — <oo 
Jo t ~ Jo vis) s 

Hence the claim follows. Combining it with Mattila's theorem jl9| completes the proof of the 
Theorem. □ 

Lastly let us note that if we do not care for the analytic capacity of the target set, a straight- 
forward modification of the previous Theorem, normalizing the disks of the construction so 
that mj\f t]\f r]{tN) = 1, gives 

Corollary 5.2. Let K > 1 and let h{t) = tr]{t) be a measure function such that 

• r] is continuous and nondecreasing, r]{0) = and r]{t) = 1 whenever t > 1. 

• lim — — = for all a > 0. 

t^o r]{t) 

There exists a compact set C B and a K -quasiconformal mapping (p such that 

dim{E) = and W^((/>(^)) = 1 (5.11) 

iv + 1 
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